In this paper, we investigate Kazhdan's relative Property (T) for pairs ( ) 
Introduction
In the mid 60's, Kazhdan defined the following Property (T) for locally compact groups and used this to prove that a large class of lattices are finitely generated. Definition 1. = for all g G ∈ . Since then, Property (T) has been studied extensively and there are a lot of publications. One can see [2] - [5] .
The notion of relative Property (T) for a pair ( ) , G N , where N is a normal subgroup of G , was implicit in Kazhdan's paper [5] , and later made explicit by Margulis [6] . The definition of relative Property (T) has been extended in [7] 
SL Z ), which both have Property (T).
Inspired by the work of Cornulier and Shalom, in this paper, we go further in this direction and try to extend Cornulier's result from locally compact groups to topological groups. The motivation for this is that, given a topological group G , the knowledge of the family of subsets X such that has relative Property (T) contains much more precise information than the bare information whether G has Property (T). On the other hand, relative Property (T) for topological groups is very important to discuss Haagerup Property.
Preliminaries
We first introduce some of basic notations and terminologies, the details can be found in [1] . 3) The space
Z G π of all 1-cocycles with respect to π is a real vector space under the pointwise operations, and the set
B G π of all 1-coboundaries is a subspace of
is called the first cohomology group with coefficients in π .
The affine isometric action associated to a cocycle
where  is the canonical affine Hilbert space associated with 0 .
H Definition 2.3. A continuous real valued kernel Ψ on a topological space X is conditionally of negative type if
, 0
, for any elements 1 2 , , , n x x x  in X , and any real numbers 1 
H H  . Each pair ( ) , i G H has relative Property (T). Then G has Property (T).

Relative Property (T) of Pairs for Topological Groups and Subsets
When G be a locally compact group, Cornulier extended the definition of relative Property (T) to pairs ( ) , G X , where X is any subset of G , and then established various characterizations of relative Property (T) for the pair ( ) , G X , which were already known in [1] [9] for the case that G is a topological group, H is a closed subgroup. We extend the definition of relative Property (T) to pairs ( ) , G X , where G is a topological group, X is any subset of G , and then established similar characterizations of relative Property (T) for the pair ( ) , G X . 
Definition 3.2. Let G be a topological group, and X is any subset of G . The pair ( ) , G X has Property (FH) if every affine isometric action of G on a real Hilbert space has an X -fixed point.
The following theorem will establish some characterizations of relative Property (T) for a pair ( ) , G X . Theorem 3.3. Let G be a topological group and X be any subset of G .
1) If pair ( )
, G X has relative Property (T), then pair ( ) , G X has Property (FH).
2) If pair ( )
, G X has relative Property (T), every function conditionally of negative type on G is Xbounded.
3) Assume that G is a σ -compact locally compact group and that pair ( ) , G X has Property (FH), then the pair ( ) , G X has relative Property (T). We will apply the following lemma to prove above theorem: 
2) Since ( )
3) ( ) ( ) ( ) ( )
4) According to π is a continuous unitary representation of G on a Hilbert space  , if n g g → , where
According to 1), 2), 3) and 4), pair ( ) 
has Property (FH). Proof. It suffices to prove the case when n = 2, since the result follows by induction on n . By Theorem 3.3,
( )
, i G X has Property (FH), and every function conditionally of negative type on G is i X -bounded. Let ψ be any conditionally negative definite function on G. According to the inequality, ( ) 
